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We show that a scattering rate which varies with angle around the Fermi surface has the same 
effect as a periodic Lorentz force on magnetotransport coefficients. This effect, together with the 
marginal Fermi liquid inelastic scattering rate gives a quantitative explanation of the temperature 
dependence and the magnitude of the observed Hall effect and magnetoresistance with just the 
measured zero-field resistivity as input. 
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The temperature dependence of the transport proper- 
ties in the normal state of high-temperature supercon- 
ductors ^ are unlike Landau Fermi liquids. Most of the 
observed anomalies near the composition for the highest 
Tc follow from the hypothesis of a scale-invariant fluc- 
tuation spectrum |^ , characteristic of a quantum critical 
point, which is a function oiuj/T and which has negligible 
momentum dependence over most of the Brillouin zone. 
One of the principal predictions of this hypothesis is that 
at low energies the inelastic part of the single-particle re- 
laxation rate has the marginal Fermi liquid (MFL) form 
AT with coefficient A having negligible momentum depen- 
dence either along or perpendicular to the Fermi surface. 
This prediction has been verified in detail in recent angle- 
resolved photoemission (ARPES) measurements 

However, the observed anomalies in the magnetotrans- 
port [^-^ do not follow from the MFL hypothesis. Var- 
ious explanations |^,^ have been advanced for these 
anomalies, none of which are independently supported 
by other experiments, and in some cases are in conflict 
with photoemission experiments. 

The ARPES experiments |^ have revealed, besides the 
inelastic contribution to the single-particle self energy, 
an elastic contribution (independent of temperature or 
frequency) which is angle-dependent around the Fermi 
surface, increasing by about a factor of 4 from the (tt, tt) 
to the (tt, O) directions. Thus the total self energy at low 
frequency has an imaginary part of the form 



ImS(fc,r) = ro(fc)+AT, 



(1) 



The anisotropic elastic part, ro(fc), has been ascribed to 
small-angle scattering from dopant impurities lying be- 
tween the Cu-0 planes ^J. If d is the characteristic dis- 
tance of such impurities from a Cu-0 plane the electron 
scattering at a point k on the Fermi-surface is confined 
to small momentum transfers Sk < d~^. Then, on the 
Fermi surface, the scattering rate at a point k is pro- 
portional to 5k, to the local density of states and to the 



forward scattering matrix element at k. The latter two 
quantities can be anisotropic especially near a crossover 
or a transition to an anisotropic pseudogap state. We 
do not address the sources of anisotropy here and simply 
take ro(fc) from experiment and follow the consequences. 

In a planar lattice of square symmetry, the anisotropic 
scattering rate ro(fc), has a four- fold symmetry as one 
goes around the Fermi surface. Since it is largest in 
the (7r,0) directions a non-equilibrium particle dis- 
tribution is skewed away from the region of the Fermi 
surface near the (tt, 0) directions toward the (tt, tt) di- 
rections. We show that this acts as an effective mag- 
netic field, perpendicular to the planes which changes 
sign at every multiple of 7r/4 in going around the Fermi 
surface. Together with the MFL scattering rate, such 
a skewed distribution gives an anomalous contribution 
to the magnetotransport properties with the experimen- 
tally observed temperature dependences. Using just the 
measured dc resistance, we can explain the observations 
quantitatively. We also explain the observed variation in 
the anomalous magnetotransport properties due to im- 
purities like Zn which replace Cu in the plane and cause 
angle-independent (s-wave) scattering. 

The skewed non-equilibrium distribution is apparent 
from the (formal) solution of the linearized Boltzmann 
equation. Let (?(k) be the deviation from the equilibrium 
distribution /o(k) due to the applied uniform steady state 
electric and magnetic fields E and B. It is formally given 
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Here Ck,k' is the "scattering-in" term in the collision 
operator for the Boltzmann equation and l/r(k) = 



1 



X]k'^k,k', is the "scattering-out" term equal to the 
single-particle relaxation rate. From Eqs. (3,4) It is evi- 
dent that the distribution g(k) is not merely determined 
by the energy of the state k but also by the anisotropy 
of the scattering. The distribution is depleted in direc- 
tions of large net scattering and augmented in directions 
of small net scattering. 

We shall calculate the conductivities for <C T using 
the single-particle scattering rate of Eq. (1). The con- 
ductivity tensor is 



k,k' 
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(4) 



We expand A ^ from Eq. (3) in powers of B |^: 

-fr(v X B • v)r(v X B • v)r, (5) 

where, from Eq. (2.12) of Ref. |§, it follows that 

r(k, k') = r(k)5k,k' + ^(k)Ck,k"r(k", k'). (6) 

k" 

The first term in A^^ gives the dc conductivity, a^^ etc., 
the second the Hall conductivity a^^ and the magneto- 
conductivity may be calculated from the third term. 

Let 6, 6' be the angles of k, k' with respect to the fc^ 
axis in reciprocal space. The use of the Boltzmann formu- 
lation and the presence of —dfo/de in Eq. (2) essentially 
restricts all variables to the Fermi surface; it implies that 
all the scattering is quasielastic. We take Ck.k' to be 
composed of three parts: 



Ck,k' = 2^(5(ek - ek') {\Um\^ + \u^i0,0')\^ + \U,\ 



(7) 



The first contribution, due to MFL, is parameterized 
by an angle independent quasielastic scattering propor- 
tional to T. The second and the third terms are due to 
small angle and large angle elastic impurity scattering 
respectively. The effect of Ui is simply to add a temper- 
ature independent scattering rate to the MFL scattering 
rate. Ui{9, 9') is a symmetric function of 6 and 9' sharply 
peaked dX 9' — 9 with a small characteristic width 9c{9). 
Then to order 9^ the single particle scattering rate is 



\9) = 
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(9) 



where N{9) is the density of states per radian at the 
Fermi surface at angle 9 and t^.^ is the sum of the MFL 
scattering rate proportional to T and the large angle im- 
purity scattering rate. 

Given the quasielastic Ck.k' 7 one may integrate over 
the energy variable ek' (i.e. perpendicular to the Fermi 



surface) in Eq. (4). To evaluate the conductivities, it is 
convenient to define the operator f by 

mvc.{0){-dh/de^) = ^Tk^k'i'a.k'l-^/o/^ek') 

k' 

= ^ J d9'N{9')T{9,9')v^{9'), (10) 

where the Va are the Fermi surface velocity components. 
From Eqs. (6,7) it follows that 



f(0)«^(0) = Ti9)v^i9)+iv^i9) 



(11) 



where 
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d9'N{9') C{9,9')f{9')v^{9'), (12) 



where C{9, 9') is Eq. (7) without the energy i5-function. 

Now tv^{9) = for momentum- independent scatter- 
ing. This is simply the traditional result of no vertex 
corrections for such scattering. Therefore, in Eq. (12) we 
use only the small-angle scattering part in C and find 
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Then 
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where primes denote derivatives with respect to 9 and 
1 /t„ is the impurity scattering contribution to the trans- 
port scattering rate and is given, to leading non-trivial 
order in 9c, by 
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(15) 



That small angle impurity scattering has much less ef- 
fect on the transport rate jo) than on the single-particle 
scattering rate is evident in Eq. (15). 

In Eq. (14), derivatives of t{9) lead to corrections of 
higher order in 9^ compared to the other terms and may 
be neglected. Therefore, we have 
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The derivatives of the Fermi velocity components may 
be written as v'^ — '^i,bf^i,{9)v^. The relevant two- 
dimensional Fermi surface has four-fold symmetry. Let 
be the angle of the Fermi velocity v{9) with respect 
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to the kx axis in the Brillouin zone. The precise form 



Eqs. (21,23) are our main results. From them we may 



of depends on Fermi surface details. For example, determine the Hall angle = tan {a^"^ /a^^). We find 



for the case that \v\ is constant. 



-{d(j)/ d9)vy and 



v'y = {d(j)/ dO)vx. It may be verified that (vx,Vy) form an 
orthogonal basis for the irreducible two-dimensional rep- 
resentation of the group of the square. All other quanti- 
ties which enter into the coefficients bf^^{9) and elsewhere, 
e.g. \v\, d(j)/d9, d{l/Tu)/d9, . . . transform according to 
the identity. We shall use these facts below to eliminate 
certain integrals on symmetry grounds. 

The solution to the coupled equations Eq. (16) has the 
following form: 



TV ^ Tt [V- (Tt/Tp) V X z] 



(17) 



where z is the unit vector normal to the Cu-0 plane. 
The scattering rates 1 /r^ and 1 /rp depend on the precise 
shape of the Fermi surface. To simplify what follows, we 
take the case that the Fermi speed is constant over the 
Fermi surface. In that case, there is a single coefficient 
b^ii which is just (f)' = d(f>/d9. In addition, we keep only 
the leading orders in 9c- Then, the rs are determined by 
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(18) 
(19) 



The structure of Eq. (17) shows that the deviation of 
the distribution from equilibrium which is determined 
by TV has a skew character. Thus, there is an effective 
Lorentz force which rotates the carrier distribution into 
the directions of weak small-angle scattering. Because 
d{l / Tu) / d9 changes sign at each 9 = rnr/A, carriers mov- 
ing on the Fermi surface experience an effective magnetic 
field which changes sign eight times around the Fermi 
surface. This has important consequences for a^^ . 

Knowing tv, we evaluate a^^ from Eqs. (4,5,11): 

a-- = e2^z;,(k)rkk'i;.(k')(-9/o/ae') 

kk' 

= (eV27r) J d9N{9)vx{9)[T{9)yxm- (20) 
Using Eq. (17), we obtain 

= (eV2^) / d9Ni9)[vxi9)]\ti9). (21) 



For axy, we use Eq. (17) again and find 



a 
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Finally, we get, to leading orders in 



,'vi+Tt{dT-'/d9)vi]. (23) 



tanSff = tan(9_ff)o + l^h Tf{Tp 



(24) 



where the first term is the customary contribution and in 
the new contribution which we have found, the overbar 
represents an appropriate average over the Fermi surface 
according to Eqs. (21,23). Our principal finding is that 
new contribution has the temperature dependence of the 
resistivity relaxation time Tt squared. 
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FIG. 1. Hall angle data for three concentrations of Zn in 
YBCO. The straight lines are least-squares fits to the data 
(replotted from Chien et al [4]) for ^cot6'jf(r) vs T. 

The customary contribution depends on the details of 
the band structure. For YBCO near optimum compo- 
sition, band-structure calculations [|o) find for the Hall 
constant a value which is about five times smaller than 
what is actually measured. The customary contribu- 
tion to tan(0^f) is then at least five times smaller than 
the measured value and is probably even smaller due to 
Fermi-liquid effects. Then with neglect of the custom- 
ary term, our conclusion is that (cotO//)^/^ should be 
proportional to t^^ which is independently measured by 
the zero-field resistivity. As seen in Eq. (18), t^^ con- 
tains an impurity-independent part with MFL linear T 
dependence and a T-independent part depending on im- 
purity content. Fig. 1 shows the comparison for samples 
with varying concentration, x, of Zn impurities in an ap- 
plied magnetic field of 8 Tesla. The straight lines are 
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least-square fits to the data from Chien et al [4]. The 
data is consistent with a slope independent of x, as pre- 
dicted. The increase of the intercept with x is due to 
the increased large-angle scattering from in-plane impu- 
rities. For well-prepared samples, the ratio of resistivity 
(hence of l/rt) at 100 K to the K extrapolated value 
is usually about 10. This is consistent with the present 
analysis which gives ~ 7 for the corresponding ratio for 
[cot Qh{T)Y^^ from the data. The magnitudes of the var- 
ious terms which enter the transport coefficients depend 
very sensitively on the shape of the Fermi surface and 
the precise variation with angle of the impurity scattering 
rate l/r^. To make further estimates, we adopted a model 
Fermi surface similar to the measured one. We estimate 
the small-angle parameter 9c- The extrapolated resistiv- 
ity at T = OK is determined by l/r„ = (6|2/24)(1/t,) and 
that at r = lOOK is determined by 1/tm(100K). Using 
the ARPES-measured l/r^ and 1 / tm and a typical resis- 
tivity ratio p(100K)/p(0K) of 9, we find 6*2/24 « .01. We 
use the measured 1/tm and the above-determined 1/t„ 
to compare the new contribution to cr^^ to the conven- 
tional one - i.e. the ratio of the integrals of the second 
to the first term in square brackets in Eq. (23). For 
the model Fermi surface, we found the new contribu- 
tion to be almost two orders of magnitude larger that 
the conventional piece, even without invoking the band- 
structure result mentioned earlier. We have thus given a 
demonstration-in-principle of our principal finding. Since 
the effects of the anisotropic small-angle scattering can 
be quite large, it is natural to ask whether higher order 
terms in 0^/24 are important. Using the same model, we 
find them to be less that 3% of the leading term. 

Ong [ pTi has derived a relation between the magne- 
toresistance and moments of the fiuctuations of the Hall 
angle over the Fermi surface in two dimensions. This 
relationship continues to hold in the present case. For 
small Hall angle, an order of magnitude estimate is 
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(25) 



Using similar arguments to those of the previous para- 
graph, our result for the Hall angle gives the measured 
temperature dependence of the magnetoresistance Q as 
well as order of magnitude numerical agreement. 

We extend the theory to low frequencies (wtj ^ 1) 
by means of the replacement 1 /tm ^ ito + t^.^ so that 
coi Oh oc {iu! + Tj"^)^. The observed low- frequency be- 
havior of the real and imaginary parts of the Hall angle 
1^ then follow. 

Two properties which follow from the MFL phe- 
nomenology and experiment are crucial in the resolu- 
tion of the puzzle of the magnetotransport anomalies 
in the high-Tc superconductors: the observed angle- 
dependent elastic scattering and the angle-independent 
T-linear (MFL) inelastic scattering. The latter is ob- 
tained as scattering off a scale invariant fluctuation spec- 
trum 0]. Indeed, essentially all of the principal normal 



state anomalies in the high-Tc superconductors near op- 
timal composition have now been shown to follow from 
the MFL fluctuation spectrum. Furthermore, since the 
interaction vertices which give the normal state scatter- 
ing rates also contribute to Cooper pairing, we expect 
that these fluctuations, which have the right magnitude 
of cut-off frequency ojc and coupling constant A, mediate 
high-Tc superconductivity. 
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